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Module no. 1
Sinusoidal Steady-State Analysis

Topic: 1.1 Nodal and Mesh Analysis
1.1.1 Nodal Analysis
1.1.2 Mesh Analysis
1.2 Superposition Theorem
1.3 Source Transformation
1.4 Thevenin’s and Norton’s Theorems

Time Frame: 4 hrs.

Introduction:
In this module, we want to see how nodal analysis, mesh analysis, Thevenin’s theorem,
Norton’s theorem, superposition, and source transformations are applied in analyzing ac
circuits. Since these techniques were already introduced for dc circuits, our major effort
here will be to illustrate with examples.
Analyzing ac circuits usually requires three steps:
1. Transform the circuit to the phasor or frequency domain.
2. Solve the problem using circuit techniques (nodal analysis, mesh analysis,
superposition, etc.).
3. Transform the resulting phasor to the time domain.
Step 1 is not necessary if the problem is specified in the frequency domain. In step 2,
the analysis is performed in the same manner as dc circuit analysis except that complex
numbers are involved.

Objectives:
At the end of this topic, the student shall be able to
1. Analyze electrical circuits in the frequency domain using nodal and mesh
analysis.
2. Apply the superposition principle to frequency domain electrical circuits.
3. Apply source transformation in frequency domain circuits.
4. Understand how Thevenin and Norton equivalent circuits can be used in the
frequency domain.

EE 202 — ELECTRICAL CIRCUITS 2 1
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Pre — Test

Module 1 — Sinusoidal Steady-State Analysis
Name: Subject:
Course/Section: Date:

Direction: Read the problems carefully. Write your solutions in a separate sheet of
paper.

1. What is the basis for nodal and mesh analysis?

2. Can we use all the circuit analysis techniques to ac circuits the same way they
are used in dc circuits?

3. Using nodal analysis, find v, and v, in the circuit shown.
02F 40

— ]

BeosA(}) 29%w =PRG>
[ | | |

4. |s frequency domain analysis of an ac circuit via time domain much complicated
than the analysis of the circuit via phasors?

3,

EE 202 — ELECTRICAL CIRCUITS 2 2
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Learning Activities:

1.1 NODAL AND MESH ANALYSIS

1.1.1 Nodal Analysis

The basis of nodal analysis is Kirchhoff's current law. Since KCL is valid for phasors, we
can analyze ac circuits by nodal analysis.

Example 1.1
Find i, in the circuit shown using nodal analysis.
10Q 1H

A LLdA
[y

20 cos 4tV(T) —— 04F = 05H

|
O
| —
T

Solution:
We first convert the circuit to the frequency domain:

20 cos 4t = 20/0°, Q=4 rad/s

IH =  jQL=j4
05H = jQL=)2
] 2 _..!_ = — i) i
01F = e = i
Thus, the frequency domain equivalent circuit is as shown below.
10Q v, jAQ V.
!7'; VY l ll VR
20,/0°v () =250 2, 3 20
e

Applying KCL at node 1,
20-Vi_ Vi  Vi-V;

10 -j2.5 4
Or
(1 +/1.5)V, +,25V,=20 (1)
At node 2,
o 4 1= Ve _ Vo
' J4 j2

But I, = V; /—j2.5. Substituting this gives
2V, . \':_ V,

X )
By simplifying, we get

EE 202 — ELECTRICAL CIRCUITS 2 3
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Equations (1) and (2) can be put in matrix form as

-2

We obtain the determinants as

I 15
7 5 L
g BSY g p{VRIIS DL
1015 1 0!
A,
V,=—"t=_ = 18.97 /1843°V
A I)—_/
A 220
V,=—2=_—==Y _ 1301 /198.3°V
=K1 [198.3°

The current I, is given by
7 3°
To— \ 2 ‘5 [-90° —
Transforming this to the time domain,
i,=T7.59 cos(4r + 108.4°) A

Example 1.2
Compute V; and V; in the circuit shown.
107457V

3,0°A () —=-/32 =Zjea I nQ

Solution:
Nodes 1 and 2 form a supernode as shown above. Applying KCL at the supernode
gives

eV V¥
3 G 12
or
36 =4V, +(1 =2V, (1)
But a voltage source is connected between nodes 1 and 2, so that
Vi=V,+ 10 /45" (2)

Substituting Eq. (2) in Eq. (1) results in
36 — 40 /135° = (1 + 2)V, = V>=3141/-87.18° V

From Eq. (2),

EE 202 — ELECTRICAL CIRCUITS 2 4
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Vi=V.+10/45°=2578 /-T7048° V

/ Supernode
.. V3
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1.1.1 Mesh Analysis

Kirchhoff's voltage law (KVL) forms the basis of mesh analysis. The validity of KVL for

ac circuits is illustrated in the following examples.

Example 1.3
Determine the current I, in the circuit shown using mesh analysis.

40
‘ % ‘L Tls
S/CA(Y) S 20
kg (L) (%) 20/90°V
80 - ¥ I.\ :L -j2K
¥
I
Solution:
Applying KVL to mesh 1, we obtain
(8 + 710 — I, — (=21, =101, =0 (1)
For mesh 2,
(4-j2— 21 = (=521, = (=2)1; +20 /90° =0 (2)
For mesh 3, I; = 5. Substituting this in Egs. (1) and (2), we get
(8 +8)1; + 21, =450 (3)
21 4+ (4 =l = =20 - 410 (4)
Equations (3) and (4) can be put in matrix form as
§+,8 22 l,]_ 750
2 4-jlln] 130
from which we obtain the determinants
I8 + 8 i2 , : .
K=| = = 31 - =68
w 4_ja (I+ Ml = +4=08
8+/8 /5 :
A, = ]“ +8 30 ': 340 — j240 = 416.17 /=35.22°
I 52 —j30 '
EE 202 — ELECTRICAL CIRCUITS 2 5
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. A& 17 /—38.79°
[,=02_41617 %L: 6.12/=35.22° A
0

The desired current is

I,=—1,=6.12/144.78°A

Example 1.4
Solve for V, in the circuit shown using mesh analysis.

el B QLA Zen
8Q j5Q
0/00vII) 2=, (4)320°A

Solution:
As shown in the figure below, meshes 3 and 4 form a supermesh due to the current
source between the meshes.

b A L / Supermesh
e el
bt i Vor TR
. =1 { I3 ) AA(H) (15 ) < 6Q
Jaaes | 8y J 32
WA AEN
8Q /5Q
+
ov(H ) -22==% N @)3a
< h) B 2) |

For mesh 1, KVL gives
—10+(8 =2, - ‘—_i:’l: -8I:;=0

or
(8§ =21, + 21, - 8L = 10 (1)
For mesh 2,
I,=-3 (2)
For the supermesh,
iS— 4L =81 +6+/591,-51,=0 (3)
Due to the current source between meshes 3 and 4, at node A,
s=hL+4 4)

Instead of solving the above four equations, we reduce them to two by elimination.
Combining Egs. (1) and (2),
(8 =20, —8L,=10 4,6 (5)
Combining Egs. (2) to (4),
=81, + (14 + )l; =-24 - 35 (6)
From Egs. (5) and (6), we obtain the matrix equation

EE 202 — ELECTRICAL CIRCUITS 2 6
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[s__;: -5 Hl,l_l m+_,'(,]
8  144jiL] 1-24-35

We obtain the following determinants

§—2 -8 | e g —_

A= . 1=112+/8—,28+2—-64=50-,20
-8 144+

Ay=| 1046 =8 | 1404 j10+84 — 6 — 192 — j280

|-24-j35 144l

= —58 — 186
Current I, is obtained as
—38 — /186

=3.618 /2745°A

-
'TA T 50720

The required voltage V, is |
V,=—j2(1 - 1) =—j2(3.618 [274.5" + 3)
= -7.2134 — j6.568 = 9.756 /222.32°V

1.2 SUPERPOSITION THEOREM

Since ac circuits are linear, the superposition theorem applies to ac circuits the same
way it applies to dc circuits. When a circuit has sources operating at different
frequencies, one must add the responses due to the individual frequencies in the time
domain.

Example 1.5
Use the superposition theorem to find I, in the circuit shown.

40
I "‘/I_-\\ T L
5/0°A (}) 3 =-j20
Jj1oQ e
l—-— 1) — ./’:\: T)20/90°V
Yk
8Q = b)) ==-j20
o1
Solution:
Let
L=L+L, (1)

where I, and I are due to the voltage and current sources, respectively. To find I ,

consider the circuit in figure (a). If we let Z be the parallel combination of -2 and 8 + j10,
then

e
_ 2@+ _ o5 _ 1925
-2/ +8+,10 )
and current I is

EE 202 — ELECTRICAL CIRCUITS 2 7
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= 20 J20
*T4_2+7Z 425-j435
or
I, = -2.353 +j2.353 ()
4Q
b,
=20

g0 < ===j2 0

(a)

To get 1] , consider the circuit in Fig. (b).
40

o AR A
VYW

SA(lf’] @ =—f2 5} 1I.:

=

: 10 Q
}_ﬁ:w-__. ()

80 ﬁ) ——_j20
| 1

(b}
For mesh 1,
(8 + /81, —j101; + 21, =0 (3)
For mesh 2,
(4 -9+ )21, +21;=0 (4)
For mesh 3,
I,=35 (5)

From Egs. (4) and (5),
(4 —j-“l: +_j2|| +j10 =10
Expressing I, in terms of I, gives '
L=2+2I,-3 (6)
Substituting Eqgs. (5) and (6) into Eq. (3), we get
(8 4 /8)[(2+ 1, - 5] =50 +,21,=0

or
00 — j40 : . .
Current I; is obtained as
I=-1.=-2647 +1.176 (7)

From Egs. (2) and (7), we write
L=1,+1,=-5+,3529=6.12/144.78° A
which agrees with what we got in Example 1.3. It should be noted that applying the

EE 202 — ELECTRICAL CIRCUITS 2 8



- LEARNING MODULE SURIGAOQ STATE COLLEGE OF TECHNOLOGY

superposition theorem is not the best way to solve this problem. However, in Example
1.6, superposition is clearly the easiest approach.

Example 1.6
Find v, of the circuit shown using the superposition theorem.
2H 10 40
10 cos 2tV f_":"‘l f 2sin5tA  ==O01F (F)sV
Solution:

Because the circuit operates at three different frequencies (w = 0 for the dc voltage
source), one way to obtain a solution is to use superposition, which breaks the problem
into single-frequency problems. So we let

V,=vi+Va+V; (1)
where v, is due to the 5-V dc voltage source, v, is due to the 10 cos 2f V voltage
source, and v; is due to the 2 sin 5t A current source.

To find v,, we set to zero all sources except the 5-V dc source. We recall that at
steady state, a capacitor is an open circuit to dc while an inductor is a short circuit to dc.
There is an alternative way of looking at this. Because @ = 0, jwL = 0, 1[jwC = oo.
Either way, the equivalent circuit is as shown in Fig. (a).

1Q 40Q j4Q  1Q 40

+..,lg.,j1—.\,.—-l J.>.‘.. +.V,:;._ VY VY

@5V onev(E) 5=

[ i ’

{a) (b)

LRTe
N |
100 £ (4)24£90°A ==-22 a0

{c)
Solution of Example 1.6: (a) setting all sources to zero except the 5-V dc source, (b) setting all sources to
zero except the ac voltage source, (c) setting all sources to zero except the ac current source.

By voltage division,
l 5 — '- (2
g = 1V )

To find v,, we set to zero both the 5-V source and the 2 sin 5¢ current source and
transform the circuit to the frequency domain.
10 cos 2t = 10/0°, w = 2 rad/s

2H = jool. = j4Q

-V =

EE 202 — ELECTRICAL CIRCUITS 2 9
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O1lF = T —j"; Q
Jl
The equivalent circuit is now as shown in Fig. (b). Let
y . —Sx4 e
=5 = =24390 — ;195
Z=-/5]4 . 2439 — j1.951

By voltage division,
5 g 1 - 10 o s
Vo= 11772 0= 55557 pogo — 2498=079
In the time domain,
vy = 2.498 cos(2r — 30.79%) (3)
To obtain v;, we set the voltage sources to zero and transform what is left to the

frequency domain.
2 sin 5t = 2/-90°, @ = 5 rad/s

2H = jl. = j10Q

i 1 -
0. T 749
1 i JjarC ¢
The equivalent circuit is in Fig. (c). Let
. . —2x4 o
L,=-2|4= —=08—-,16Q
E 4-,2
By current division,
J10 :
= (2/-90") A
A0 TR Z,
Va=lixl= —-—---—-—-—-—‘I’IOI {—f’] == _’_’Q‘o‘g —SU V
s 1B Ba™ " ] '
In the time domain,
vy = 2.33 cos(5t — 80°) = 233 sin(5r 4+ 109) V (4)

Substituting Eqgs. (2) to (4) into Eq. (1), we have
v = =1 + 2498 cos(2r — 30.79%) + 2.33 sin(51 + 10°) V

1.3 SOURCE TRANSFORMATION
Source transformation in the frequency domain involves transforming a voltage source

in series with an impedance to a current source in parallel with an impedance, or vice
versa.

V.= 2.1,

Figure 1.1 Source Transformaiion

EE 202 — ELECTRICAL CIRCUITS 2 10
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As we go from one source type to another, we must keep the following relationship in
mind:

V=21, & L=- ' (1.1)

Example 1.7
Calculate V, in the circuit shown using the method of source transformation.

5Q s B
1——". ' —-l'— WY _{
iy 30 I+
20,-90°V () | 10Q 3V,

I 440 [-
I'
Solution:
We transform the voltage source to a current source and obtain the circuit in Fig. (a),
where

20/ —00)° ,
s ﬂ%: 4/—90°= —j4 A

aq -—/13Q
I = 30 J+
l=—j4A(}) 2sa | 00 5V,

i = jaQ ‘ =
;
(a}

The parallel combination of 5-Q resistance and (3 + j4) impedance gives
S3+4) A
=7 TV _amy g
8+ 4

Converting the current source to a voltage source yields the circuit in Fig. (b), where
Vi=1Z,=—425+,1.25)=5-/10V

250 1250 4 -/13Q

1l
r. VYV | '—’
L J+
iy 10Q = Vi

(5-/10)=5519/-28°V

V,=5-j10V(

ib)
By voltage division,
B 10
T104+25+1.25+4 13

X

EE 202 — ELECTRICAL CIRCUITS 2 11
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1.4 THEVENIN’S AND NORTON’S THEOREMS

Thevenin's and Norton's theorems are applied to ac circuits in the same way as they
are to dc circuits. The frequency domain version of a Thevenin equivalent circuit is
depicted in Fig. 1.2, where a linear circuit is replaced by a voltage source in series with
an impedance. The Norton equivalent circuit is illustrated in Fig. 1.3, where a linear
circuit is replaced by a current source in parallel with an impedance.

—C a

Linear

, —_— T 1’ £
circuit v”" =/

Zy,
—c b AL— o b

Figure 1.2 Thevenin equivalent.

—C a

Linear
circuit

—ob

Figure 1.3 Norton equivalent.

' b

Keep in mind that the two equivalent circuits are related as
| '!
L V=2l Lan=1, (1.2)
l - — —— - -

| R _— S -~

just as in source transformation. Vqy, is the open-circuit voltage while Iy is the
short-circuit current.

If the circuit has sources operating at different frequencies, the Thevenin or
Norton equivalent circuit must be determined at each frequency. This leads to entirely
different equivalent circuits, one for each frequency, not one equivalent circuit with
equivalent sources and equivalent impedances.

Example 1.8

Obtain the Thevenin equivalent at terminals a-b of the circuit shown.
a

s =
120,/75° V '_* eLi—oa b —— ¢
80 4 S0

EE 202 — ELECTRICAL CIRCUITS 2 12



LEARNING MODULE

TATE COLLEGE OF TECHNOLOGY

Solution:
We find Zy, by setting the voltage source to zero. As shown below, the 8-Q resistance
is now in parallel with the —j6 reactance, so that their combination gives

’ » —j6% 8 . )
Z,=—j6l18="1"_"=2388 - j3.84Q
) 85— b
£d fd
805 60 40  Fma
a
e =
Z:y,

Similarly, the 4-Q resistance is in parallel with the j12 reactance, and their combination
gives
j12x 4
4+ 12
The Thevenin impedance is the series combination of Z; and Z,; that is,
In=7,+7.=648-,264Q
To find Vyy,, consider the circuit below. Currents I, and I, are obtained as
= 12005 g 120005
8 — j6 4+ j12
d

Z,=4|j12= =36+/12Q

llﬂ i';

_j6Q == Z40

I +'.

120/75°V

— a

Applying KVL around loop becdeab gives
\.Th —_— 4!: -+ [_jéill = U
or

3 ﬁ'_‘ g0 O
Vi = 4L, + j6l, = 430/?.. . 120/75 + 90
4412 ¥ — 6

=37.95/3.43° + 72/201.87°

Example 1.9
Find the Thevenin equivalent of the circuit as seen from terminals a-b.

EE 202 — ELECTRICAL CIRCUITS 2 13
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4Q j3Q

— 0a
lc.l
sA)) 20 P o5,

j—-_rm
. i

Solution:
To find Vi3, we apply KCL at node 1 in Fig. (a).
15=1,+051, = 1,=10A

' OSI: 4 -:-j?p Q 2
[ — > oa
1l
e : r/“\\ ~
15A :‘ * D 2 -‘ii'. Q : ’, ij‘-._*,) u.5|: Vs
= : ] e S b
(a)

Applying KVL to the loop on the right-hand side in Fig. (a), we obtain
12—/ +05L4+3)+ V=0
or
Vi = 1002 — j4) = 5(4 + j3) = —j55
Thus, the Thevenin voltage is 7
Vo= 55/=90° V

To obtain Z,, we remove the independent source. Due to the presence of the
dependent current source, we connect a 3-A current source (3 is an arbitrary value
chosen for convenience here, a number divisible by the sum of currents leaving the
node) to terminals a-b as shown in Fig. (b). At the node, KCL gives

3= L+031, = [,=2A
4+ a i

g -

2-4a Gos, v, (=304

-

b)
Applying KVL to the outer loop in Fig. (b) gives
Vi=lLd+3+2-4=26-))
The Thevenin impedance is
V., 2i6-))

EE 202 — ELECTRICAL CIRCUITS 2 14
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Example 1.10
Obtain current I, using Norton’s theorem.

[
50 <

> 80 -j2Q s 200
Y S ¢
—— |

o : =2 j150

40,/90° V{

N

= jAQ l
b

Solution: ‘ .
Our first objective is to find the Norton equivalent at terminals a-b. Zy is found in the

same way as Zt,. We set the sources to zero as shown in Fig. (a).

| a I, ¢ L
i
T o 3 ) ®
}—j —H—J £
10:}; 1 8 w2 03 1Y
- 40 () 7\ : ]
j4 &= 4 | "‘; AL
1 0 ,
b b
{a) (b)
a
"l I‘:
20
3+;8i:f7‘\} 5 ]
= 15
b
(c)

As evident from the figure, the (8 —j2) and (10 + j4) impedances are short-circuited, so
that
Zy=50

To get I, we short-circuit terminals a-b as in Fig. (b) and apply mesh analysis. Notice
that meshes 2 and 3 form a supermesh because of the current source linking them. For
mesh 1,

A0+ (I8 + 2L = (8 = 2L = (10 +401,=0 (1)
For the supermesh,

(13 =L+ 10+ 4L - (18+,2)I,=0 (2)

EE 202 — ELECTRICAL CIRCUITS 2 15



LGN SURIGAO STATE COLLEGE OF TECHNOLOGY

At node a, due to the current source between meshes 2 and 3,
Adding Egs. (1) and (2) gives
From Eq. (3),

LL=1+3=3+8
The Norton current is

l.\-: ]; = (3 +j}“ ;'\
Figure (c) shows the Norton equivalent circuit along with the impedance at terminals
a-b. By current division,

5 3+8

L= c—si—— Iy= "= = 1465/ 38.48° /
520405 V55 HOLEAEA

Self-Evaluation:
1. The voltage V, across the capacitor in the figure shown is:
a. 5£0°V 1Q
b. 7.071245°V
c. 7.0712-45°V
d. 52—-45°V

|
10,/0°V f:,.i' -1 ==V,

] -
J

2. The value of the current I, in the circuit shown is:
a. 440°A l I ll

b. 242-90° A ik
c. 0.6£0°A 3/0°A (}) 280 =-20
d —-1A ’ |

3. Using nodal analysis, the value of V, in the circuit shown is:
a. —24V v,
b. -8V l
c. 8V £ |
d. 24V 693 4/90°A(}) e il

4. In the circuit shown, current i({) is:

1F
a. 10cost A N

b. 10sint A r g

c. 5cost A Weostv(t) [(in) 210
d. 10sint A ’ ’

e. 4.472cos(t — 63.43°) A

EE 202 — ELECTRICAL CIRCUITS 2 16
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5. In the circuit shown, the Thevenin voltage at terminals a-b is:
3.535£—45°V 1Q 1H
3.535£45°V i— a
7.071£ —45°V
7.071£45°V

1
4 |
Scost VI(Z) ==1F

aopow
..m«-:i+:_—.

6. Refer to the circuit below. The Norton equivalent impedance at terminals a-b is:

a. —j40 29

b. —j20 T L "

c. j2Q

d. j4Q 6£0°V (2 240
S—

Answers: 1c, 2a, 3d, 4a, ba, 6a

Review of Concepts:

1. We apply nodal and mesh analysis to ac circuits by applying KCL and KVL to the
phasor form of the circuits.

2. In solving for the steady-state response of a circuit that has independent sources
with different frequencies, each independent source must be considered
separately. The most natural approach to analyzing such circuits is to apply the
superposition theorem. A separate phasor circuit for each frequency must be
solved independently, and the corresponding response should be obtained in the
time domain. The overall response is the sum of the time domain responses of all
the individual phasor circuits.

3. The concept of source transformation is also applicable in the frequency domain.

4. The Thevenin equivalent of an ac circuit consists of a voltage source Vg, in
series with the Thevenin impedance Zqy,.

5. The Norton equivalent of an ac circuit consists of a current source Iy in parallel
with the Norton impedance Zy (= Zty,).

References:
e Charles Alexander, Matthew Sadiku-Fundamentals of Electric Circuits (McGraw-
Hill Education; 6™ ed. 2016)
e Mahmood Nahvi, PhD. & Joseph A. Edminister- Schaum’s Outlines of Electric
Circuits ( McGraw-Hill Education; 7™ ed. 2017)
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